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Abstract - In this paper, we are concerned with upper bounds of eigen-values on manifolds. 
Eigen-values have many applications in geometry and in other fields of mathematics. We 
develop a universal approach to upper bounds on both continuous and discrete structures 
based upon certain properties of the corresponding heat kernel. we start with a well-defined 
Laplace operator Δ on functions on M so that Δ is a self-adjoint operator in L2(M, +) with a 
discrete spectrum and a distance function dist(x, y) on M. 
Keywords: eigen-values, Laplace transform, heat equation, manifold 
 
1 INTRODUCTION  
In this paper, let us consider  Laplace 
operator on smooth compact Riemannian 
manifold M, with metric g. since M has 
boundary ∂M, then we require in addition 
that g vanishes at the boundary. This 
defines the Laplacian with drichilet 
boundary condition .the Laplace operator 
is a self-adjoint operator, so by spectrum 
theorem there is a sequence of eigen-
values  
      0 ≤λ1 ≤ λ2 ≤ λ3 ≤ … 
And an orthogonal basis ф1, ф2,… of 
L2(M), which are eigenfuntions of Laplace 
operator. 
 
Laplacian Operator On Riemannian 
Manifold: 
The laplacian operator on a Riemannian 
manifold    (M , g) is a function defined as 
∆g : C∞ (M)→ C∞ (M) 

defined as∆g=  −divg . ∇g 

 

Since both ∇g and divg are linear operators 
it follows that for any ϕ, ψ ∈ C∞(M) 
Δg(ϕ + ψ) = Δgϕ+Δgψ. 
 
in addition we have 

Δg ϕ.ψ = ψΔgϕ + ϕΔgψ − 2 Δgϕ,  Δgψ   

 
Eigen Values of Laplace Operator On 
Manifold: 
Let M be a smooth connected compact 
Riemannian manifold and ∆ be a Laplace 
operator associated with the Riemannian 
metric i.e. in coordinates x1 , x2 , …, xn 
 
 
 
 
 

 
 
Where gij are contra-variant components 
of the metric tensor and g = det║gij║ and 
u is a smooth function on M.   
 
Theorem:    Suppose that we have chosen 
k+1 disjoint subsets X1, X2, …, XK+1 of M 
such that the distance between any pair 
of them is at least D > 0. Then for any k > 
1 
 
 
 
 
Proof:    The proof is based upon two 
fundamental facts about the heat kernel   
p(x, y, t)        being by definition the 
unique fundamental solution to heat 
equation  
 
 
 
 
With the boundary condition   
 
 
 
 
P(x, y, t) can be written in the form  
 
 
 
 
For any two disjoint Boral sets X, Y     M 
where    D = dist(X, Y).         

First we take the particular case k 
= 2. We start with integrating the 
eigenvalue expansion (2) as follows 
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 Let us denote by fi the Fourier coefficients 
of the function f1x with respect to the 
frame {фi} and by gi the Fourier 
coefficients of the function g1y .Then  
 
 
 
Where we used the fact that  
 
 
 
 
since 
 
 
 
 
Putting into (3)- 
 
 
 
 
From (5)- 
 
 
 
 
 
 
 
 
 
 
 
Let us choose 
 
 
 
 
Putting into (7) we get:  
 
 
 
 
 
 
 
 
 
 
Putting the value of t, 
  
 
 
 
Finally, we choose f = g = ф0  such that 

 
 
 
And 
 
 
Similarly 
 
 
 
Putting into (8) 
 
 
 
 
This implies: 
 
 
 
Now we turn to the general case k > 2 let 
us consider a function f(x) and denote by 
fij the ith Fourier coefficient of the function 
f1x i.e., 
 
 
 
 
 
 
Then we have the upper bound for Ilm( f, f) 
 
 
 
 
While we rewrite the lower bound (5) in 
another way: 
 
 
 
 
Now we want to kill the middle term on 
the right-hand side (11) by choosing 
appropriate l and m. 

Let us consider k+1 vectors fm= 
(f1m, f2m, …, fk-1

m)  M = 1, 2, …, k+1 in Rk-1 
and let us supply this  (k-1)-dimensional 
space with a scalar product given by  
 
 
 
Let us apply the following elementary fact: 
out of any k+1 vector in (k-1) dimensional 
Euclidean space there are always two 
vectors with non-negative scalar product. 
Therefore, we can find different l and m so 
that (fl ,fm) ≥ 0 and due to this choice we 
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are able to cancel the second term on the 
right hand side (11).  
 
Comparing (10) and (11) we get  
 
 
 
Now similar to the case k = 2 we choose t 
such that 
 
 
 
 
 
Putting the value of t into (12) we get, 
 
 
 
 
Therefore, 
 
 
 
 
 
Putting the value of t,  
 
 
 
 
Now we taking f = φ0 such that, 
 
 
 
 
And 

 
 
Similarly 
 
 
 
 
 
 
Putting into (13) we get, 
Thus for any two disjoint subset of M, we 
have 
 
 
 
 
What was to be proved. 
 
                                                           
 
 
REFERENCES 

1. F. R. K. CHUNG, A. GRIGOR’YAN, AND S.-

T. YAU, “Upper Bounds for Eigen values of 

the Discrete and Continuous Laplace 

Operators” advances in mathematics 117, 

165-178 (1996) article no. 0006.    

2. U. C. De, A. A. Shaikh, “Differential 

Geometry of Manifolds” Narosa Publishing 

House Pvt. Ltd.2007 

3. F. R. K. Chung, V. Faber and Thomas A. 

Manteuffel, On the diameter of a graph 

from eigenvalues associated with its 

Laplacian, SIAM J. Discrete Math. 7 (1994), 

443_457. 

4. E. B. Davies, Heat kernel bounds, 

conservation of probability and the Feller 

property, 

5. J. Analyse Math. 58 (1992), 99_119. 

 
 

ml

XX
ml

ff

ff

D
t

ml

00

22

2

112
log4

min




ml

XX

t
ffffe

ml

k

00
22

)(

2

1
110 

 

ml

XX

k
ff

ff

t

ml

00

22
0

112
log

1


)13()
112

(logmax
4 2

00

22

20 ml

XX

ml
k

ff

ff

D

ml




 
ll XX

l
ff

2

000 

l

X
X ff

l
l 0

2/12

0
2

)(1   

 
mm XX

m
ff

2

000 

m

X
X ff

m
m 0

2/12

0
2

)(1   

2

2

0

2

0

20 )
4

(logmax
1

 


Xi X

ji
k

j

D 


2

2

0

2

0

20 )
4

(logmax
1

 


l mX X

ml
k

D 


)12()
4

exp(1111
2

22
00

22
X

)( 0

t

D
ffffffe

mlml

k

XX

ml

X

t


 

https://journal.scienceacad.com/

	1 Rupinder Kaur, Surbhi Upadhyay, Surbhi Sharma
	2 Dr K K Choudhary Shilpa Bhargava
	5 Anupan Sinha
	6 Barsha Kumari
	9 Dr Aksha Bhati
	10 Neeraj Dholia
	11 Dr Monika
	12 Dr K K Choudhary
	13  Dr Khusboo
	25. Pallab ,M. Dhanajay. H.Uday.  B.  Dipak. K.M. 2009. Biological activities of crude extracts and chemical constituents of Bael, Aegle marmelos (L.) Corr. Indian Journal of  Experimental  Biology  47:849-861.

	14 Dr. Pareeta
	16 Dr S Lal
	17 Sonam Mahawar
	18 J J
	19 Sonia & Shivi
	20 Sonia & Shivi
	22 Koushik_Scopus (1)
	Introduction
	Materials and Methods
	Results and Discussion
	Conclusions
	References

	22Koushik_Scopus (2)
	Introduction
	Hidden Markov Random Field Model (HMRF)
	Segmentation On A 4-Connected Graph Of Pixels Using HMRF
	Results and Discussions
	Conclusions
	References

	24 Sonam Mahawar
	25 Brijesh Kumar Yadav
	26 Kavita Sharma
	28 Shikha Jahalan
	29Dr. D. Ahujal
	32 Dr. Mini Amit Arrawatia
	34 Dr. Mini Amit Arrawatia
	35 Sirtaj Kaur
	36 Shivangi Bhatnagar
	37 Ms. Sangeeta Sahn
	38 Ms. Sangeeta Sahni
	39 Dr. Suresh Kumar Jat
	40 Arun Kumar Sing
	41 bhagyashree
	42 Dr. Shahnawaz Alam
	43 Ekta Rana,Pusparaj,Devendra
	44 Parul Saheen Indu
	45Manju Yadav
	46 Dr Geeta
	47 Rupal Sengar1 Shivi Saxena1
	48 Rupal
	49 Rupinder Kaur, Sarvesh Kumar, Mansi Atolia, Binita Pareek
	50 Sarvesh,Anuradha,Rupendra Kaur
	54 Swati Pareek
	57 Shefali Srivastava, Bhaskar Sharma, Himanshu Sirohia
	58 Dr Suman Ahuja
	59Sikha Jalan & Richa
	60 Dr Suresh Jat
	Review Study of Ayurvedic Management of Rheumatoid Arthritis W.S.R to Amavata
	*Dr. Suresh Kumar Jat, **Dr. Shikha Sharma, ***Rashi Tripathi
	Lifestyle Regimen


	61 Anamika
	62 Sonia, Neha
	63 Tanu Jain
	64 Vartika
	65Dr Preeti,Devikar
	68 Adya Tiwari
	85 Urmila Rao, Apurna Sagar
	87 Tenzin Norbu Zongpa
	“Importance of Bladder Protocol in the Treatment of Prostrate Cancer during Radiotherapy”
	Abstract
	keywords
	Introduction
	Prostate Cancer 
	Causes
	Complications

	Methodology
	Full Bladder Protocol 

	Data Analysis 
	PSA Blood Test  
	Prostate Biospy 

	Conclusion
	References

	89 Pushpraj
	92Dr. Chitra
	94 Dr. Suresh
	102 Ayush Kumar Garg
	109 Dr. Barkha Khurana
	113.PDF DR. Upesh M.
	115.pdf sonia kukreti
	120.pdf yamini tiwari
	123.pdf Ekta Rana
	124.pdf pushpraj singh
	129.PDF  SHOBHA KUMARI
	RESEARCH PAPER
	The Gross return (ha-1) from each treatment was calculated by
	Gross return (ha-1) = Income from grain + income from Stover
	Net return (ha-1):- The net profit from each treatment was calculated separately, by using the following formula
	Net return = Gross return (ha-1) – Cost of cultivation (ha-1)
	Benefit cost ratio
	The benefit cost ratio was calculated using the following formula:-
	Benefit cost ratio = _______________________
	RESULTS AND DISCUSSION
	Observations regarding the response of organic and inorganic sources of nitrogen on economics of pearl millet are given in table (1 to 2).
	Grain yield (t ha-1)
	The result revealed that there was significant difference between different treatments and maximum grain yield found (4.97) with treatment T10 (25 % through VC + 75 % N through Urea + Azotobactor), while minimum grain yield(2.51) was observed in treat...

	130.PDF NEHA SAINI
	131.pdf sunita prajapati
	133.PDF MANISHA DADHICH
	135.PDF VARTIKA SAXENA
	136.PDF AKSHAYA BHATI
	137.PDF dR. K K CHAUDHARY
	138.PDF SHIVI SAXENA
	139.PDF NIKITA BAKLIWAL
	140.PDF NEETU KUMARI
	141.FPDF  CHARU SHREE
	142.PDF RUPENDER KAUR
	143.PDF RUPINDER KAUR
	144.PDF DR. SURESH KUMAR
	145.PDF DR.AYUSH KUMARI
	146.PDF ANAMIKA
	148.PDF TEENA KUMAWAT
	149. PDF Dr. S. LAL
	150 PDF Dr.SURENDRA KUMAR SRIVASTAVA
	151.PDF ARUN KUMAR SINGH
	152.PDF VISHNU SHARMA
	153.PDF PRIYA SHARMA
	154.PDF TEJASWINI SHIRIYAPPAGOUDAR
	155.PDF PRIYA AGRAWAL
	156.PDF SHALINI
	157.PDF SHILVI BISWAS
	158.PDF SHIVANI MISHRA
	159 KOUSHIK CHAKRABORTY
	160.PDF NEELAM SHEKHAWAT
	1.2 Evolution of Economic Development
	2.1 Education and Economic Growth
	2.2 Expenditure on Education and Income

	2.3 Consumption Benefits of Education
	2.4 Education, Inequality and Poverty

	161.PDF DARSHIKA JOSHI
	162.PDF SWATA MISHRA
	163.PDF DR. GEETA SINGH
	164.PDF  Heena mewara
	165.PDF NEELAM SHEKHAWAT
	166 PDF KIRTI PAREEK
	169.PDF NEHA SAINI
	170.PDF SWARNIMA
	171.PDF SANJEET KUMAR
	172.PDF Lily trivedi
	173.pdf shailja singh
	174.pdf ayushi sinha

